In this paper, we give explicit formulae of the Burns-Epstein invariant and global CR invariants via renormalized characteristic forms introduced by Marugame for Sasakian η-Einstein manifolds. As an application, we show that the latter invariants are algebraically independent.
Introduction
The biholomorphic equivalence problem is one of the most major problems in several complex variables. An approach to this problem is to study the CR structures on the boundaries of domains. In this direction, Fefferman [Fef74] has shown that two bounded strictly pseudoconvex domains in C n+1 are biholomorphic if and only if their boundaries are isomorphic as CR manifolds. Since then, it has been of great importance to construct and compute CR invariants.
Recently, some researchers have introduced and studied invariants for strictly pseudoconvex CR manifolds admitting a pseudo-Einstein contact form: the total Q ′ -curvature [CY13, Hir14] , the Burns-Epstein invariant [BE90, Mar16] , the total I ′ -curvatures [CG17, Mar19, CT20] , and global CR invariants via renormalized characteristic forms [Mar19] . Note that the first and third ones are special cases of the last one. In general, it is hard to compute these invariants of a given CR manifold. However, we have already obtained explicit formulae of the first and third ones for Sasakian η-Einstein manifolds, which are pseudo-Hermitian manifolds satisfying a strong Einstein condition. This has been carried out for the total Q ′ -curvature by Case and Gover [CG17] and the author [Tak18] independently, and for the total I ′ -curvatures by Marugame [Mar19] implicitly. The purpose of this paper is to give formulae of the remaining cases, the Burns-Epstein invariant and global CR invariants via renormalized characteristic forms, for Sasakian η-Einstein manifolds.
We first consider global CR invariants via renormalized characteristic forms. Let Ω be an (n + 1)-dimensional strictly pseudoconvex domain with boundary M . Assume that M admits a pseudo-Einstein contact form. Take a Fefferman defining function ρ of Ω; see Section 3.2 for the definition. The (1, 1)-form ω + = −dd c log(−ρ) defines a Kähler metric g + near the boundary, where d c = ( √ −1/2)(∂ − ∂). The Chern connection with respect to g + diverges on the boundary since so does g + . However, we obtain Burns-Epstein's renormalized connection, which is smooth up to the boundary, via a c-projective compactification [ČG19] . The corresponding curvature form is denoted by Θ. Let Φ be a (not necessarily homogeneous) GL(n + 1, C)-invariant polynomial of degree at most n. Marugame [Mar19] has proved that
is independent of the choice of ρ, and gives a global CR invariant of M . More precisely, he has shown that I Φ is written as the integral of a linear combination of the complete contractions of polynomials in the Tanaka-Webster torsion, curvature, and their covariant derivatives. (Our definition is a little bit different from Marugame's one. Our modification is to guarantee I Φ1 + I Φ2 = I Φ1+Φ2 for any GL(n + 1, C)-invariant polynomials Φ 1 and Φ 2 of degree at most n.) Our first result is to give an explicit expression of I Φ in terms of Φ, the Einstein constant, and the Chern tensor S β α ρσ for Sasakian η-Einstein manifolds. A Sasakian η-Einstein manifold is a pseudo-Hermitian manifold (S, T 1,0 S, η) of dimension 2n + 1 such that the Tanaka-Webster torsion A αβ and Ricci curvature Ric αβ satisfy
where λ ∈ R and l αβ is the Levi form. We call the constant (n + 1)λ the Einstein constant of (S, T 1,0 S, η). 
is a (2n + 1)-dimensional Sasakian η-Einstein manifold with Einstein constant (n + 1)λ and called the circle bundle associated with (Y, L, h); see Section 2.3 for details. In this case, we can calculate I Φ in terms of the Einstein constant and characteristic numbers of Y . In order to simplify computation, we introduce some invariant polynomials. Let m be a positive integer. Define a GL(m, C)-invariant homogeneous polynomial ch k of degree k by
A partition of n is an n-tuple ς = (ς 1 , . . . , ς n ) ∈ N n with n k=1 kς k = n. The space of partitions of n is written as Part(n). For a partition ς of n, set
which is a GL(m, C)-invariant homogeneous polynomial of degree n − ς 1 . We will write I Φς as I ς for simplicity. It can be seen that any I Φ is written as a linear combination of (I ς ) ς∈Part(n) (Lemma 4.3). Hence it suffices to compute I ς . 
As an application of the above theorem, we will show that (I ς ) ς∈Part(n) are essentially different invariants.
Theorem 1.3. The invariants (I ς ) ς∈Part(n) are algebraically independent over C -that is, there exist no non-trivial polynomial relations between (I ς ) ς∈Part(n) with coefficients in C.
As a corollary, we have a criterion for the triviality of I Φ . This is a generalization of the latter statement of [Mar19, Proposition 6.7]. We will compute the Burns-Epstein invariant µ for Sasakian η-Einstein manifolds also. Burns and Epstein [BE90] have introduced this invariant for the boundaries of bounded strictly pseudoconvex domains in C n+1 . Marugame [Mar16] has generalized this invariant for closed strictly pseudoconvex CR manifolds admitting a pseudo-Einstein contact form. He has defined this invariant as the boundary term of the renormalized Gauss-Bonnet-Chern formula
where Ω is a strictly pseudoconvex domain bounded by M . Theorem 1.5. Let (S, T 1,0 S, η) be a closed (2n + 1)-dimensional Sasakian η-Einstein manifold with Einstein constant (n + 1)λ. The Burns-Epstein invariant µ(S) of S is given by
where Ω is the Tanaka-Webster curvature form.
Similar to Theorem 1.2, we obtain an expression of µ for the circle bundle case in terms of the Einstein constant and characteristic numbers. 
This paper is organized as follows. In Section 2 (resp. Section 3), we recall basic facts on CR and Sasakian manifolds (resp. strictly pseudoconvex domains). The renormalized connection and the invariants I Φ are introduced in Section 4. Section 5 is devoted to proofs of Theorems 1.1 to 1.3. Section 6 deals with the Burns-Epstein invariant. In Section 7, we pose a conjecture on global CR invariants and give a proof of it in low dimensions.
Notation. We use Einstein's summation convention and assume that
• lowercase Greek indices α, β, γ, . . . run from 1, . . . , n;
• lowercase Latin indices a, b, c, . . . run from 1, . . . , n, ∞. Suppose that a function I(ǫ) admits an asymptotic expansion, as ǫ → +0,
Then the logarithmic part lp I(ǫ) of I(ǫ) is the constant b.
CR geometry
2.1. CR structures. Let M be a smooth (2n + 1)-dimensional manifold without boundary. A CR structure is a rank n complex subbundle T 1,0 M of the complexified tangent bundle T M ⊗ C such that
Set HM = Re T 1,0 M and let J : HM → HM be the unique complex structure on HM such that
A typical example of CR manifolds is a real hypersurface M in an (n+1)-dimensional complex manifold X; this M has the canonical CR structure
A CR structure T 1,0 M is said to be strictly pseudoconvex if there exists a nowhere-vanishing real one-form θ on M such that θ annihilates T 1,0 M and
We call such a one-form a contact form. The triple (M, T 1,0 M, θ) is called a pseudo-Hermitian manifold. Denote by T the Reeb vector field with respect to θ; that is, the unique vector field satisfying
Let (Z α ) be a local frame of T 1,0 M , and set Z α = Z α . Then (T, Z α , Z α ) gives a local frame of T M ⊗ C, called an admissible frame. Its dual frame (θ, θ α , θ α ) is called an admissible coframe. The two-form dθ is written as
where (l αβ ) is a positive definite Hermitian matrix. We use l αβ and its inverse l αβ to raise and lower indices of tensors.
Tanaka-Webster connection and pseudo-Einstein condition.
A contact form θ induces a canonical connection ∇, called the Tanaka-Webster connection with respect to θ. It is defined by
with the following structure equations:
The tensor A αβ = A αβ is shown to be symmetric and is called the Tanaka-Webster torsion. We denote the components of a successive covariant derivative of a tensor by subscripts preceded by a comma, for example, K αβ,γ ; we omit the comma if the derivatives are applied to a function.
The curvature form
We call the tensor R β α ρσ the Tanaka-Webster curvature. This tensor has the symmetry
Contraction of indices gives the Tanaka-Webster Ricci curvature Ric ρσ = R α α ρσ and the Tanaka-Webster scalar curvature Scal = Ric ρ ρ . The Chern tensor S αβρσ is defined by
A contact form θ is said to be pseudo-Einstein if the following two equalities hold:
. From Bianchi identities for the Tanaka-Webster connection, we obtain
see [Hir14, Lemma 5.7(iii)] for example. Hence the latter equality of (2.4) follows from the former one if n ≥ 2. On the other hand, the former equality of (2.4) automatically holds if n = 1, and the latter one is a non-trivial condition. A Sasakian manifold is a pseudo-Hermitian manifold (S, T 1,0 S, η) with vanishing Tanaka-Webster torsion. This condition is equivalent to that the Reeb vector field ξ with respect to η preserves the CR structure T 1,0 S. An almost complex structure I on the cone C(S) = R + × S of S is defined by
where r is the coordinate of R + , a, b ∈ R, and V ∈ HS. The bundle T 1,0 C(S) of (1, 0)-vectors with respect to I is given by 
Note that η is a pseudo-Einstein contact form on S.
A typical example of Sasakian manifolds is the circle bundle associated with a negative Hermitian line bundle. Let Y be an n-dimensional complex manifold and (L, h) a Hermitian holomorphic line bundle over Y such that
which is a real hypersurface in the total space of L. The one-form η = d c log h| S is a connection one-form of the principal S 1 -bundle p : S → Y and satisfies dη = p * ω. Moreover, the natural CR structure T 1,0 S coincides with the horizontal lift of T 1,0 Y with respect to η. Since ω is a Kähler form, we have
for all non-zero Z ∈ T 1,0 S. This implies that (S, T 1,0 S) is a strictly pseudoconvex CR manifold and η is a contact form on S. Note that the Reeb vector field ξ with respect to η is the generator of the S 1 -action on S.
Consider the Tanaka-Webster connection with respect to η. Take a local coordinate (z 1 , . . . , z n ) of Y . The Kähler form ω is written as
where (g αβ ) is a positive definite Hermitian matrix. Let Z α be the horizontal lift of ∂/∂z α . Then (ξ, Z α , Z α = Z α ) is an admissible frame on S. The corresponding admissible coframe is given by (η, θ α = p * (dz α ), θ α = p * (dz α )). Since dη = p * ω, we have
which implies l αβ = p * g αβ . The connection form π β α of the Kähler metric with respect to the frame (∂/∂z α ) satisfies
We write as Π β α the curvature form of the Kähler metric. Pulling back (2.5) by p gives
. This yields that ω β α = p * π β α , and the Tanaka-Webster torsion vanishes identically; that is, (S, T 1,0 S, η) is a Sasakian manifold. Moreover, the curvature form Ω β α of the Tanaka-Webster connection is given by Ω β α = p * Π β α . In particular, (S, T 1,0 S, η) is a Sasakian η-Einstein manifold with Einstein constant (n + 1)λ if and only if ω defines a Kähler-Einstein metric with Einstein constant (n + 1)λ.
Strictly pseudoconvex domains
Let Ω be a relatively compact domain in an (n+1)-dimensional complex manifold X with smooth boundary M = ∂Ω. There exists a smooth function ρ on X such that
such a ρ is called a defining function of Ω. A domain Ω is said to be strictly pseudoconvex if we can take a defining function ρ of Ω that is strictly plurisubharmonic near M . The boundary of a strictly pseudoconvex domain is a closed strictly pseudoconvex real hypersurface. Conversely, it is known that any closed connected strictly pseudoconvex CR manifold of dimension at least five can be realized as the boundary of a strictly pseudoconvex domain in a complex projective manifold [BdM75, HL75, Lem95].
3.1. Graham-Lee connection. Let ρ be a defining function of a strictly pseudoconvex domain Ω in an (n + 1)-dimensional complex manifold X. There exists the unique (1, 0)-vector field Z ∞ near the boundary such that
for a smooth function κ, which is called the transverse curvature. Take a local frame ( Z α ) of Ker ∂ρ, and let ( θ α , θ ∞ = ∂ρ) be the dual frame of ( Z α , Z ∞ ). By the strict pseudoconvexity, there exists a positive Hermitian matrix ( l αβ ) such that
We use l αβ and its inverse l αβ to raise and lower indices of tensors. The Graham-Lee connection ∇ is the unique connection on T X defined by
see [GL88, Proposition 1.1] for a proof of the existence and uniqueness. Note that the restriction of ∇ to M coincides with the Tanaka-Webster connection with respect to θ = d c ρ| M .
Fefferman defining functions.
Let Ω be a strictly pseudoconvex domain in a complex manifold X of dimension n + 1. Fix a local coordinate z on X near a point of the boundary M = ∂Ω. A differential operator J z is defined by 
Global CR invariants via renormalized characteristic forms

Burns-Epstein's renormalized connection.
Let Ω be a strictly pseudoconvex domain of dimension n + 1. Assume that its boundary M admits a pseudo-Einstein contact form. For a Fefferman defining function ρ of Ω, the (1, 1)-form ω + = −dd c log(−ρ) defines a Kähler metric g + near the boundary. We extend g + to a Hermitian metric on Ω. Let ψ b a be the Chern connection with respect to g + . This connection diverges on the boundary since so does g + . The renormalized connection form θ b a is defined by
This connection form can be extended smoothly up to the boundary; see [Mar19, Proposition 4.1] for example. The corresponding curvature form is denoted by Θ b a , which satisfies 
Global CR invariants via renormalized characteristic forms.
Let Ω be an (n + 1)-dimensional strictly pseudoconvex domain with boundary M . Assume that M admits a pseudo-Einstein contact form, and take a Fefferman defining function ρ of Ω.
Definition 4.2 ([Mar19, Theorem 1.1 and Proposition 4.9]). Let Φ be a GL(n + 1, C)-invariant polynomial of degree at most n. Then
is independent of the choice of ρ, and gives a global CR invariant of M .
In the remainder of this section, we show that any I Φ is written as a linear combination of I ς , which appears in the introduction. It is known that (ch k ) n+1 k=1 generate the algebra of GL(n + 1, C)-invariant polynomials and are algebraically independent over C. For a GL(n + 1, C)-invariant polynomial Φ of degree at most n, there exists a GL(n + 1, C)-invariant polynomial Φ of degree at most n − 1 and a family (C Φ ς ) ς∈Part(n) of complex numbers such that
where Φ ς is defined by (1.1). Note that Φ and C Φ ς are unique.
Lemma 4.3. For a GL(n + 1, C)-invariant polynomial Φ of degree at most n,
In particular,
Proof. It suffices to show that I Φ is trivial if Φ is of the form ch 1 Φ. (4.1) implies that
Hence, for 1 ≤ m ≤ n,
Therefore the integral
has a finite limit as ǫ → +0. On the other hand, since Ω is of complex dimension n + 1, the differential form
is identically zero. Therefore I Φ = 0.
Global CR invariants for Sasakian η-Einstein manifolds
Let (S, T 1,0 S, η) be a (2n + 1)-dimensional Sasakian η-Einstein manifold with Einstein constant (n + 1)λ. Then
Let (η, θ α , θ α ) be an admissible coframe on S. Then
We compute the Graham-Lee connection with respect to ρ. (2.1) and (2.2) yield that
Hence the uniqueness of the Graham-Lee connection implies
Lemma 5.1. Let (S, T 1,0 S, η) be a (2n + 1)-dimensional Sasakian η-Einstein manifold with Einstein constant (n + 1)λ. For a Fefferman defining function ρ given by (5.1), the renormalized connection and curvature satisfy
Proof. The equalities for θ b a are consequences of Lemma 4.1 and (5.2) and (5.3). The curvature form Θ is defined by
Similarly, (2.1) yields
By using both (2.1) and (2.2), we have
These complete the proof.
Proof of Theorem 1.1. From the definition of I Φ and Lemma 5.1, it follows that
This gives the desired conclusion.
Let (L, h) be a Hermitian line bundle over an n-dimensional complex manifold Y such that ω = − √ −1Θ h defines a Kähler-Einstein metric on Y with Einstein constant (n + 1)λ. Consider the circle bundle (S, T 1,0 S, η) associated with (Y, L, h). The Chern tensor S β α ρσ coincides with the Bochner tensor B β α ρσ of (Y, ω). Define End(T 1,0 Y )-valued two-forms B and K by
Lemma 5.2.
Proof. The two-forms Π and K satisfy the following equations:
tr Π = − √ −1(n + 1)λω, tr K = − √ −1(n + 1)λω,
Therefore we have
which completes the proof.
Remark 5.3. Formally,
Proof of Theorem 1.2. In our setting, dη = p * ω and Ξ = p * B. From Theorem 1.1, we obtain
here, the third equality follows from integration along fibers.
As an application, we show the algebraic independence of (I ς ) ς∈Part(n) . To this end, we consider a smooth complete intersection variety Y d of multi-degree d = (d 1 , . . . , d n ) in CP 2n . Take as L the restriction of O(−1) to Y d , and denote by τ the first Chern class of L −1 for simplicity. The normal bundle of Y d is isomorphic
If s 1 (d) > 2n + 1, then there exists a Hermitian metric h on L such that ω = − √ −1Θ h defines a Kähler-Einstein manifold with Einstein constant (n + 1)λ d = −s 1 (d) + 2n + 1 by the Aubin-Yau theorem. Set
which is a homogeneous symmetric polynomial in d of degree k. The cohomology class
is equal to [ν k (d) + (a symmetric polynomial in d of degree at most k − 1)]τ k ; this follows from (5.4). For ς ∈ Part(n), define a homogeneous symmetric polynomial p ς (d) in d of degree n by
Similar to the above, the cohomology class
is of the form [p ς (d) + (a symmetric polynomial in d of degree at most n − 1)]τ n .
Denote by S d the circle bundle associated with (Y d , L, h). From Theorem 1.2 and Y d τ n = d 1 · · · d n , it follows that the invariant I ς (S d ) is a symmetric polynomial in d, and its leading term is given by
Proof of Theorem 1.3. Suppose that there exists a non-constant polynomial f (x ς ) such that f (I ς ) is identically zero. Let m(≥ 1) be the degree of f , and f m the leading part of f , which is a non-trivial homogeneous polynomial of degree m. From f (I ς (S d )) = 0, it follows that
or equivalently, f m (p ς (d)) = 0 as a polynomial in d. The polynomial p ς is written as a linear combination of (s
Conversely, for any ς ′ ∈ Part(n), the polynomial s
n is a linear combination of (p ς ) ς∈Part(n) . Thus we obtain a nontrivial homogeneous polynomial g m (x ς ) of degree m such that g m (s ς1 1 · · · s ςn n ) = 0 as a polynomial in d. This contradicts the fact that s 1 , . . . , s n are algebraically independent over C. Therefore the invariants (I ς ) ς∈Part(n) do not satisfy any nontrivial polynomial relation with coefficient in C. Theorem 1.3 gives a criterion for the triviality of I Φ .
Proof of Corollary 1.4. We have already shown that I Φ is trivial if Φ ≡ 0 modulo ch 1 in Lemma 4.3. Conversely, assume that I Φ is trivial. It follows from Lemma 4.3 that
Theorem 1.3 implies that the coefficients C Φ ς are zero, and so Φ = ch 1 Φ.
Burns-Epstein invariant for Sasakian η-Einstein manifolds
Let Ω be an (n+1)-dimensional strictly pseudoconvex domain with boundary M , which admits a pseudo-Einstein contact form. Fix a Fefferman defining function ρ of Ω and consider the renormalized connection. The Burns-Epstein invariant µ(M ) is defined by
where S n denotes the symmetric group of order n and In the previous section, we have given formulae of the renormalized connection and curvature for Sasakian η-Einstein manifolds. Combining those with some algebraic facts yields a proof of Theorem 1.5.
Proof of Theorem 1.5. By Lemma 5.1, the renormalized connection and curvature on S are given by
Since Θ ∞ α = 0, the (2n + 1)-form Φ
(1) k vanishes identically for any 0 ≤ k ≤ n. On the other hand,
Hence
Similar to the proof of Theorem 1.2, we obtain a formula of the Burns-Epstein invariant for the circle bundle case in terms of the Einstein constant and characteristic numbers.
Proof of Corollary 1.6. In this setting, integration along fibers gives that
This gives the desired formula.
Concluding remarks
In this section, we propose a conjecture on the Burns-Epstein invariant and global CR invariants via renormalized characteristic forms.
In Theorems 1.1 and 1.5, we computed global CR invariants via renormalized characteristic forms and the Burns-Epstein invariant for Sasakian η-Einstein manifolds. Similar to the proof in Lemma 5.2, we have the following equality for any closed Sasakian η-Einstein manifold (S, T 1,0 S, η) of dimension 2n + 1:
where C ς is a real constant depending only on ς. In general dimensons, it is hard to compute the coefficient C ς explicitly. However, we can do it in low dimensions. When n ≤ 3, we have When n = 4, a computation shows that µ(S) = I (4,0,0,0) (S) − I (2,1,0,0) (S) − 2I (1,0,1,0) (S) + 1 2 I (0,2,0,0) (S) − 6I (0,0,0,1) (S).
It is natural to expect that the same equality as above holds for general closed strictly pseudoconvex CR manifolds. Here we show that this conjecture holds in low dimensions.
Proposition 7.2. Conjecture 7.1 is true for n = 1 and 2.
Proof. We first note that 
